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Abstract
The thermodynamical evolution of the modified Chaplygin gas (MCG) with equation of state p = Bρ − Aρ−α is studied in the context of the
Friedmann flat cosmological model. The temperature as a function of redshift z is obtained. In order to describe the universe since the radiation
era, the constant B is chosen to be B = 1/3. Today’s temperature of 2.7 K and the temperature at decoupling (z ≈ 1100) are used to fix the values
of the parameters A and α, yielding α = 1/4 and A = (B + 1)ΩXρα+10 = (4/3)0.7ρ
5/4
0 . With these values, the redshift of the transition from
positive to negative acceleration is calculated to be zc = 0.18. Using observational data for the redshift at a¨ = 0 and fixing B = 1/3, the best
values for the other parameters are α = 1/4 and ΩX = 0.75, yielding T (z = 1100) ≈ 4000 K and zc = 0.25.
© 2007 Elsevier B.V.
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The nature of the matter-energy content of the universe
has always been an important issue in cosmological modeling.
There are some observational results that suggest that the evolu-
tion of the universe is largely governed by a combination of cold
dark matter and dark energy (“quintessence”). The idea of cold
dark matter is used to explain the rotation curves of galaxies that
deviate from those predicted by classical mechanics and to ad-
dress the issue of large scale structure formation. The evidence
for the dark energy component, with negative pressure, driving
the acceleration, comes from distance measurements of type Ia
supernovae [1–4] that suggests an accelerated expansion of the
universe. Moreover, measurements of the cosmic microwave
background anisotropies point towards a smooth component of
matter-energy content that contributes with 2/3 of the critical
* Corresponding author.
E-mail address: vsoares@if.ufrj.br (V. Soares).
1 On leave from Universidade Federal do Rio de Janeiro, Brazil.0370-2693 © 2007 Elsevier B.V.
doi:10.1016/j.physletb.2007.11.076
Open access under CC BY license.density. These two components, whose origin is barely known,
play very different gravitational roles in a cosmological model:
Cold dark matter has an attractive role, being responsible for
matter clustering whereas dark energy leads to accelerated ex-
pansion.
In two recent papers [5,6] the authors study the thermo-
dynamic stability of Chaplygin type fluids, which are fluids
with negative pressure and an exotic equation of state. It is
shown that these fluids are stable within a certain range of pa-
rameters and do not have any critical point in the diagram of
thermodynamic states, i.e., they do not present any phase tran-
sition.
The generalized Chaplygin gas model (GCG) with the
barotropic equation of state
(1)p = − A
ρα
,
where A is a positive constant and 0 < α  1, has been pro-
posed as a source term in Einstein’s field equations with the
aim of developing a cosmological model that would lead to the
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[7–11].
In this Letter we shall consider a more general model named
modified Chaplygin gas (MCG) with the barotropic equation of
state
(2)p = − A
ρα
+ Bρ,
where A and B are positive constants. The modified Chap-
lygin gas (MCG) has the remarkable property of describing,
with a unique energy component ρ, the evolution of the cos-
mic fluid from a radiation era (for B = 1/3), passing through a
phase of zero pressure and ending in a state of negative pressure
where the dark energy component is dominant. This description
is different from the consideration of two or more fluids that
are separately conserved, i.e., that evolve without exchanging
energy among themselves but interacting solely with the gravi-
tational field. In Ref. [6] it is shown that, in order to have a well
defined sound speed, 0 < c2s < c2, the parameters of the MCG
are restricted to 1 < (B + 1)(α + 1) < 2.
Much consideration has been given to the problem of obtain-
ing constraints on the model parameters of the GCG using ob-
servational data from Ia supernovae, gravitational lensing sta-
tistics and the cosmic microwave background radiation power
spectrum [11–14]. All these works obtain an upper limit for α
that is less than unity, thus excluding the original Chaplygin gas
(which has α = 1). Our aims in this Letter are to investigate the
temperature evolution of a universe model with the MCG as a
source term and to determine the values of its parameters in ac-
cordance with the present temperature (2.7 K) and the expected
temperature at decoupling (3500 K < T < 4500 K).
2. Thermodynamical analysis
The first law of thermodynamics can be written as
(3)T dS = d
(
ρ
n
)
+ p d
(
1
n
)
,
where S is the entropy per particle, ρ is the total energy density,
n is the number particle density, p is the isotropic pressure and
T is the absolute temperature. Choosing ρ and n as the two in-
dependent variables needed to characterize a thermodynamical
state of the system, we can easily find from (3) that
(4)
(
∂S
∂ρ
)
n
= 1
T n
and
(5)
(
∂S
∂n
)
ρ
= −p + ρ
T n2
.
The integrability condition for (3), that the second deriva-
tives commute, leads to
(6)T
(
∂p
∂ρ
)
n
= n
(
∂T
∂n
)
ρ
+ (p + ρ)
(
∂T
∂ρ
)
n
.
Since T = T (ρ,n) we also have that
(7)T˙ = n˙
(
∂T
∂n
)
+ ρ˙
(
∂T
∂ρ
)
,ρ nwhere (· ≡ d
dt
). Eqs. (6) and (7) form a family of algebraic sys-
tems parameterized by t for the unknowns ( ∂T
∂n
)ρ and ( ∂T∂ρ )n. If
the determinant of the matrix of coefficients vanishes,
(8)n˙(p + ρ) − nρ˙ = 0,
it follows from the first law of thermodynamics (3) that S is
conserved. If we substitute (8) into (7) and subtract the result
from (6) we obtain
(9)T˙
T
= n˙
n
(
∂p
∂ρ
)
n
.
Einstein’s field equations for the Friedmann universe with
scale factor a(t) and the energy–momentum tensor of a perfect
fluid
(10)Tμν = (p + ρ)uμuν − pgμν,
are
(11)3 a˙
2 + k
a2
= 8πGρ
and
(12)2aa¨ + a˙
2 + k
a2
= −8πGp,
and the Bianchi identity, which expresses the conservation of
energy, reads
(13)3 a˙
a
(p + ρ) + ρ˙ = 0.
Kamenshchik et al. [7] have shown that the solution of (13)
for the GCG equation of state (B = 0) leads to a universe model
that behaves as dust-like matter in the early stages and as a cos-
mological constant (de Sitter model) like dominated universe at
late times.
From Eq. (13) and the fact that a˙ = 0, we can express ρ as a
function of the scale factor a for the MCG as
(14)ρ(a) = ρ0
[
ΩX + (1 − ΩX)
(
a0
a
)3R]1/(α+1)
,
where ρ0 = ρ(a0) is the present energy density, R = (B +
1)(α + 1), and we define the dimensionless parameter
(15)ΩX = A
(B + 1)ρα+10
.
Introducing the Hubble parameter H = a˙
a
, Eq. (11) for a flat
universe (k = 0) reads
(16)H 2 = H02 ρ
ρ0
,
which, using Eq. (14), can be written in terms of the redshift
z = a0
a
− 1 as
(17)H 2(z) = H02
[
ΩX + (1 − ΩX)(1 + z)3R
]1/(α+1)
.
Compare Eq. (17) with Eq. (5) of [13] and with Eq. (24) of
[14]. In those papers the authors consider a mixture of two flu-
ids (baryons and Chaplygin) that are separately conserved, thus
leading to the term Ωb(1+ z)3, which is absent in our equation.
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shifts z for the following choice of parameters: B = 1/3, ΩX = 0.7, α = 1/4,
and T0 = 2.7 K.
If we assume that there are no unbalanced creation or anni-
hilation processes, the comoving particle number N ∝ na3 is
conserved in the fluid. This leads to [15,16]
(18)n˙
n
= −3 a˙
a
.
Substitution of (18) into (13) leads to (8), thus showing that
under the assumptions of spatial homogeneity and isotropy,
matter-energy content being a perfect fluid and conservation of
particle number, Einstein’s field equations impose conservation
of the entropy per particle S.
From (18), (13) and (9) we obtain an equation relating the
absolute temperature and the scale factor a:
(19)
dT
T
= −3da
a
{
B + α(B + 1)
[
1 −
(
a0
a
)3R(
1 − 1
ΩX
)]−1}
,
whose solution is
(20)T (a) = T0
(
a0
a
)3(R−1)[
ΩX + (1 − ΩX)
(
a0
a
)3R]−α/α+1
or, in terms of the redshift z:
(21)
T (z) = T0(z + 1)3(R−1)
[
ΩX + (1 − ΩX)(z + 1)3R
]−α/α+1
.
Let us consider the following choice of parameters: B = 1/3
(because our model begins in the radiation era), ΩX = 0.7
(the most accepted value for the dark energy parameter) and
α = 1/4 (motivated by the constraints obtained in Refs. [11–
14]). We shall also fix the integration constant such that T0 =
T (a0) = 2.7 K. In terms of the redshift z the solution reads
(22)T (z) = 2.90 K (z + 1)
[
(z + 1)−5 + 3
7
]−1/5
.
This solution yields for the temperature of the universe at de-
coupling, z ≈ 1100, the value T ≈ 3800 K, which is reasonable.
As shown in Fig. 1, for z > 1, the temperature increases almost
linearly and can be approximated by T (z) ≈ 3.44 K (z + 1).
Changing the dark energy parameter (keeping the other pa-
rameters fixed), we obtain for the temperature at decoupling:Fig. 2. This figure shows a contour plot of the redshift zc of the transition
from decelerated to accelerated universe, as predicted by MGC, as a function
of the parameters ΩX and α. In this figure, α is represented in logarithmic
scale. It gives a “topographic map” of redshifts zc , keeping fixed the parame-
ter B = 1/3. The curves indicate the values of ΩX and α which give, from
left to right, zc = 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6, respectively. The empty circle
indicates ΩX = 0.75 and α = 1/4, yielding for the temperature at decoupling
T ≈ 4000 K.
for ΩX = 0.5, T ≈ 3400 K and for ΩX = 0.3, T ≈ 3200 K. If,
on the other hand, we choose the exponent α outside the limits
established in Refs. [12,13] keeping B = 1/3 and ΩX = 0.7 we
obtain for α = 1/2 the expression
T (z) = 3.04 K (z + 1)
[
(z + 1)−6 + 3
7
]−1/3
,
yielding T (z) ≈ 4400 K at decoupling.
3. Discussion
Let us analyze the equation of state of the MCG with B =
1/3 and the other parameters left free:
(23)p = ρ
3
− 4ΩX
3
ρα+10
ρα
.
We can calculate the value of the redshift at the moment when
the pressure passes through zero; p = 0 yields
ρα+1 = 4ΩXρα+10 .
Using Eq. (14) with R = 4(α + 1)/3 we obtain
1 + z =
(
3ΩX
1 − ΩX
)1/4(α+1)
, for p = 0.
Choosing ΩX = 0.7 and α = 1/4 the redshift at the moment of
zero pressure is z = 0.48. The energy density at this moment
is ρ = 2.3ρ0 and the temperature is T = 5.6 K. But in order to
have positive acceleration it is necessary that ρ + 3p becomes
negative; this condition is achieved when
ρα+1 = 2ΩXρα+1,0
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(24)1 + z =
(
ΩX
1 − ΩX
)1/4(α+1)
at a¨ = 0.
This result is presented in Fig. 2. Choosing ΩX = 0.7 and
α = 1/4, we obtain z = 0.18. In a recent paper Riess et al. [17]
determined the redshift of the transition from decelerated to ac-
celerated expansion of the universe to be z = 0.46 ± 0.13, but
Gong and Wang argue that a¨ = 0 at z ≈ 0.2 [18]. The results of
Riess et al. are also criticized by Shapiro and Turner [19] which
say that “there is weak evidence that the Universe has not been
decelerating since z ≈ 0.3”.
The MCG equation of state with parameters B = 1/3, α =
1/4, and ΩX = 0.75 seems to be a good phenomenological
model to describe the evolution of our universe, yielding for
the temperature at decoupling T ≈ 4000 K and z ≈ 0.25 at the
transition from decelerated to accelerated expansion.
The dimensionless parameter ΩX defined in Eq. (15) repre-
sents the relative contribution of negative pressure, thus simu-
lating the effect of dark energy in the equation of state of the
fluid. Let us remember that in this model the fluid is unique, not
the sum of two fluids. Nevertheless this unique fluid behaves
differently in time, according to its density. The interesting fea-
ture of this description is that the pressure evolves dynamically(and naturally) from the radiation era (p = ρ/3) to the dark
energy dominated era (p < 0), passing through a dust phase,
without the need of changing parameters along the way.
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